PRODUCTS OF CHARACTERS WITH FEW IRREDUCIBLE 

CONSTITUENTS 



EDITH ADAN-BANTE 

Abstract. We study the solvable groups G that have an irreducible character 
X £ Irr(G) such that XX has at most two non-principal irreducible constituents. 



1. Introduction 

Let G be a finite group. Denote by Irr(G) the set of irreducible complex char- 
acters of G. Let 1q be the principal character of G. Denote by [8,$] the inner 
product of the characters 8 and $ of G. Through this work, we will use the notation 

of0- 

Let x G Irr(G). Define x{d) to be the complex conjugate %(<?) 01 xis) f° r au 
g G G. Then x is also an irreducible complex character of G. Since the product of 
characters is a character, then XX is a character of G. So it can be expressed as an 
integral linear combination of irreducible characters. Now observe that 

[XX, 1g] = [x, X] = 1 

where the last equality holds since x G Irr(G). Assume now that x(l) > 1. Then the 
decomposition of the character XX m to its irreducible constituents a,\, . . . , a n 
has the form 

n 

XX = 1(3 + m * a * 
i=l 

where m, > is the multiplicity of oti. Set rj(x) = n - Thus rj(x) is the number of 
distinct non-principal irreducible constituents of XX- 

In Theorem A of 1, it is proved that there exist universal constants C and 
D such that for any finite solvable group G and any x G I rr (C), we have that 
dl(G/Ker(x)) < Ci](xx) + D. In Theorem B of |T|, it is proved that if G is a 
finite solvable group and x G Irr(G), then xO-) nas a ^ most rj(x) distinct prime 
divisors. If, in addition, G is supersolvable, then x(l) is the product of at most 
v(x) ~ 1 primes. The purpose of this note is to study the solvable groups G that 
have faithful character x G Irr(G) such that r)(x) < 2. 

Let G be a solvable group and x G Irr(G) be a faithful character. Assume that 
V{x) = 1; i- e XX = 1g + m & for some a £ Irr(G) and some integer m > 0. Since 
XX an d 1g ar e real characters, so is a. Thus G has an irreducible real character. 
Therefore G has even order. More can be said in that regard and Theorem A 
"classifies" those groups. 
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Theorem A. Let G be a finite solvable group and \ € Irr(G) be a faithful character. 
Assume that 

(1.0.1) xX = 1 G+ma 

for some a G Irr(G) and some positive integer m. Set Z = Z(G). Let E/Z be a 
chief factor of G. Set G — G/E. Then m — 1, x(\) 2 = \E : Z\ and one of the 
following holds: 

(i) x(l) = 2 and G/Z = M or G/Z ^ S4. 

(ii) x(l) = 3 and either G = Qs or G = SL(2,3). 
Cm; x(l) = 5 and G = SL(2, 3). 

(iv) x(l) = 7 and_G^ GL(2, 3). 

x(l) = 9; F(G) is an extra- special group of order 2 5 , namely the central prod- 
uct of the quaternion group Qs and the dihedral group of order 8, |Fg (G) /F(G) | = 5 
and G/F2(G) is a subgroup of the cyclic group of order 2. 

We can check that in all the cases given by Theorem A we have that G : Z\ < 
25920. Assume now that G is a solvable group, x £ Irr(G) is a faithful character 
and r] (x) = 2. In such situation, the index of the center Z of G in G is not longer 
bounded by a universal constant, not even if in addition the group is nilpotent (see 
Subsection 4.4). But the derived length dl(G) is at most 18 and we have more 
information regarding the structure of the group G. 

Theorem B. LetG be a finite solvable group and\ £ Irr(G) be a faithful character. 
Assume 

XX = 1g + mini + m 2 Q!2 
where a\, a?2 £ Irr(G) are non-principal characters, m\ and m,2 are strictly positive 
integers. Let Z be the center of G . Then 

(i) The order of G is even. 

(ii) dl(G) < 18. 

(Hi) Either Ker(ai) — Z or Ker(a2) = Z. If Ker(ai) and Ker(«2) are both 
abelian subgroups, then x(l) is a power of a prime number. Otherwise {mi,m 2 } = 
{1,4} and x(l) £ {10,14}. 

Propositions 14. 2. 51 14. 2. 91 and 14 . 2 . 131 describe with more detail the possible struc- 
ture of the group G. Examples of groups and characters satisfying the hypotheses 
of Theorem B are studied in Subsection 4.3. 

Acknowledgment. This is part of my Ph.D. Thesis. I thank Professor Everett 
C. Dade, my adviser, for his advise, suggestions and generosity with his time. I 
thank Professor I. Martin Isaacs for suggesting the question that started my studies 
in products of characters. I would also like to thank the mathematics department 
of the University of Wisconsin, at Madison, for their hospitality while I was visiting 
Professor Isaacs, and the mathematics department of the University of Illinois at 
Urbana-Champaign for their support. 

2. Vector spaces 

B. Huppert classified all the solvable groups that act faithfully on a finite vector 
space V and transitively on V# = V \ { 0} (see Lemma f2.1.2|l . If in addition V is 
a symplectic vector space and the action of G on V preserves the symplectic form, 
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the structure of the group G must be very constrained. We will classify the solvable 
groups G such that G can act faithfully on a symplectic vector space preserving the 
symplectic form and acting transitively on 

In Subsection 2.1 we mention the results that we use in the proof of Theorem 
12.2.11 the main result of this section. 

2.1. Preliminaries. Let V be a vector space of dimension n over GF(g). We may 
assume that V is GF(q n ), the Galois field with q n elements, since GF(q n ) is a vector 
space of dimension n over GF(g). Let Q = Gal(GF(g™)/ GF(oJ) be the group of 
automorphism of the field GF(g") fixing GF(g). Then the semi-linear group T(V) 
of V is 

r(V) = {x h-> ax a \a G (GF(g™)) # , a € G} 

Observe that 

(2.1.1) U = {x ^ ax \a e (GF(q n ))*} 

is a normal subgroup of T(V). Also observe that U = (GF(g n ))#, the group of 
units of the field GF(g n ). So U is a cyclic subgroup of T(V) of order q n — 1. Recall 
that C/ is a cyclic group of order n. Observe that r(V r )/C7 = Q. Therefore T(V)/U 
is a cyclic group of order n. 

Lemma 2.1.2 (B. Huppert). Let V be a vector space of dimension n over GF(q), 
where q is a prime power. Suppose that G is a solvable subgroup of GL(V) that 
transitively permutes the elements of V# . Let F(G) be the Fitting subgroup of G. 
Then one of the following holds: 

(i) G is isomorphic to a subgroup ofT(V). 

(ii) q n = 3 4 , F(G) is extra-special of order 2^ , |F 2 (G)/F(G)| = 5 andG/F 2 (G) < 

Z 4 . 

(Hi) q n = 3 2 , 5 2 , 7 2 , ll 2 or 23 2 . Here F(G) = QT , where T = Z(G) < 
Z(GL(V)) is cyclic, Q 8 = Q < G, T n Q = Z(Q) and Q/Z(Q) ^ F(G)/T is a 
faithful irreducible G/F(G) -module. We also have one of the following entries: 



q n 


\T\ 


G/F(G) 




2 


Z 3 or S 3 


5 2 


2 or 4 


z 3 


5 2 


4 


ft 


7 2 


2 or 6 


ft 


ll 2 


10 


Z 3 or ft 


23 2 


22 


ft 



Proof. See Theorem 6.8 of 0. □ 

Let V be a finite dimensional vector space over the field F. We say that V is 
a symplectic vector space if there exists a non-degenerate, alternating and bilinear 
form f onV . 

We denote by Sp(V) the group of automorphism of V preserving the symplectic 
form /. We denote by Sp(n, q) the group of automorphism of a n-dimensional 
symplectic vector space over GF(g). The following is a list of well known results 
that we will use later. 
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Lemma 2.1.3. Let Sp(2,g) be the symplectic group where (q, 2) = 1. Then 
r»;Sp(2,«) = SL(2, ff ). 
fnj |Z(SL(2,«))|=2. 

(Hi) If q > 3, tten SL(2,g) is not a solvable group, 
(iv) | SL(2,g)| = q(q 2 - 1). 
^;SL(2,3)-Q 8 xZ 3 . 

fmj SL(2, 3) is isomorphic to a subgroup o/SL(2,5). 

(vii) The 2-Sylow subgroups o/GL(2, 3) are isomorphic to the semi-dihedral group 
of order 16. 

(viii) For q odd, the 2-Sylow subgroups ofSL(2,q) are isomorphic to generalized 
quaternion groups. 

Definition 2.1.4. We define GL(2,3) as the group given by the following repre- 
sentation 

< x, y, z | x s — 1, y 2 — x 4 , z 3 = 1, x v = x^ 1 , z x = x 2 yz~ 1 , (x 2 ) z = y > ■ 

Lemma 2.1.5. GL(2,3) is not isomorphic to GL(2,3). Also GL(2, 3) has a sub- 
group of index 2 isomorphic to SL(2, 3), and F(GL(2, 3)) = Qs- 

Proof. We can check that the subgroup generated by x and y is a 2-Sylow subgroup 
of GL(2, 3) and is isomorphic to Qi6- Thus GL(2, 3) and GL(2, 3) are not isomorphic 
since a 2-Sylow subgroup of GL(2, 3) is isomorphic to the semi-dihedral group of 
order 16. 

Observe that F(GL(2,3)) = Qs, namely the subgroup generated by x 2 and 
y. Also observe that the subgroup generated by x 2 , y and z is isomorphic to 
SL(2,3). □ 

The group GL(2, 3) is the isoclinic group of GL(2, 3). 

Lemma 2.1.6. The group SL(2,7) has a subgroup isomorphic to GL(2, 3). Also, 
any subgroup of order 48 in SL(2, 7) is isomorphic to GL(2, 3). 

Proof. Let x,y, z 6 SL(2, 7) be the matrices 

5 2 J ' V \2 4 )> Z \ 1 2 

We can check that they satisfy the relations given in Definition ^. 1.41 Thus SL(2, 7) 
has a subgroup isomorphic to GL(2, 3), mainly the group generated by x, y and z. 

Let if be a subgroup of SL(2, 7) of order 48. Then H is a maximal subgroup of 
SL(2, 7). We can check using the Atlas that the maximal subgroups of SL(2, 7) of 
order 48 are all isomorphic. □ 

2.2. Transitive actions and symplectic vector spaces. 

Theorem 2.2.1. Let G be a finite solvable group. Let V be a symplectic vector 
space of dimension n over GF(q), where q is a power of a prime number. Assume 
that V is a faithful G-module and the action of G on V preserves the symplectic 
form. Also assume that G acts transitively on V* . Set e 2 = \V\ = q n . Let F(G) 
be the Fitting subgroup of G and F 2 (G)/F(G) be the Fitting subgroup of G/F(G). 
Then one of the following holds: 

(i) e = 2 and G = Z 3 or G S S 3 . 

(ii) e = 3, and either G = Qs or G = SL(2, 3). 
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(Hi) e = 5 and G = SL(2, 3). 

(iv) e = 7 andG = GL(2,3). 

(v) e = 9, F(G) is an extra-special group of order 2 5 , namely the central product 
of the quaternion group Q 8 and the dihedral group of order 8, |F 2 (G)/F(G) = 5 
and G/V-i{G) is a subgroup of the cyclic group of order 2. 

Observe that the hypothesis of Theorem 12.2.11 implies the hypothesis of Lemma 
12.1.21 Thus either (i), (ii) or (iii) of Lemma \'Z . 1 . 21 holds . We will analyze each case 
given by the conclusion of Lemma T2. 1.21 

Lemma 2.2.2. Let C be a cyclic group, \C\ = n. Let V be a finite symplectic 
vector space. Assume C acts on V preserving the symplectic form. Assume that V 
is an irreducible and faithful C -module. Set \ V\ = e 2 . Then n divides e + 1. 

Proof. See |U, Satz 9.23. □ 

We say that a group G acts Frobeniusly on a vector space V if every nontrivial 
element of G acts fixed-point-free on V. 

Lemma 2.2.3. Let V be a finite symplectic vector space. Let G be a finite solv- 
able group that acts faithfully, irreducibly and symplectically on V. Set \V\ — e 2 . 
Assume F(G) acts Frobeniusly on V. Let M be a normal cyclic subgroup o/F(G). 
Then \M\ < e + 1. 

Proof. Set F = F(G). Since F is normal in G, by Clifford theory we have that V 
decomposes as a direct sum of irreducible F-modules, each of the same size. 

Our hypothesis is that F acts Frobeniusly on V. Assume that V is not an ir- 
reducible F-module. By Clifford theory we have that V decomposes as a direct 
sum of at least 2 irreducible F-modules, each of the same size. Since F acts Frobe- 
niusly on V, we have that F < \U\, where U is one of the irreducible components 
of the F-module V. Thus |F| < e. Since M is a subgroup of F, it follows that 
\M\ < e< e+1. 

We may assume that V is an irreducible F-module. By hypothesis, we have that 

V is a symplectic space and that G acts on V preserving the symplectic form. If 

V is not an irreducible M-modulc, then as before we can conclude that \M\ < e. 
So we may assume that V is an irreducible M-module. Then by Lemma \'2. 2. 21 we 
have that \M\ divides e + 1. □ 

Lemma 2.2.4. Assume G is a finite solvable group. Then 

|G| divides Aut(F(G))||Z(F(G))|. 

Proof of Theorem \2.2.1\ Since the hypothesis of Theorem 12.2.11 implies the hypoth- 
esis of Lemma r2.1.2l we will study the cases given by the conclusion of Lemma r2.1.2l 

Claim 2.2.5. e 2 — 1 = q n — 1 divides the order of G. 

Proof. By Hypothesis, G acts transitively on V# and e 2 = \V\. Therefore e 2 — 1 
divides the order of G. □ 

Claim 2.2.6. Assume that G is a subgroup of the semi-linear group r(V). Also 
assume that G acts transitively on V# . Set H = G f)U , where U is as in (12.1. l|l . 
Then H is a normal cyclic subgroup of G and G/H acts faithfully on H. 
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Proof. Since U is a normal cyclic subgroup of T(V), we have that H — U (~l G is a 
normal cyclic subgroup of G. Since T(V)/U is a cyclic group of order n, G/H is a 
cyclic group of order a divisor of n. 

Since ii is a cyclic normal subgroup of G, we have that G/H acts on if by 
conjugation. Suppose that G/H does not act faithfully on H . Let K/H be the 
kernel of the action and t = \K/H\. Thus G/K acts faithfully on H. Since ii 
is cyclic, \G/K\ divides ip(\H\), where ip is the Euler function. Since K/H is the 
kernel of the action of G/H on H, t = \K/H\ and G/H is isomorphic to a subgroup 
of G, we have that H is isomorphic to a subgroup of the group of units (GF(g n '*))* 
of a subfield of GF(q n ). Thus \H\ divides q n l l - 1. Therefore we have that 

(2.2.7) |G| divides (q n/t - l)tip{q n/t - 1). 

Observe that q n - 1 = (o n /* - l)^ 11 ^ + q 11 ^ H hi). Thus by $FF7\ and 

Claim l2~2.5l we have that 

(2.2.8) {q^r 21 + q^ 1 + • • • + 1) divides tip(q n ^ - 1). 
Observe that 1 + q 2 ? > 2q n /* since (1 - q n/t ) 2 > 0. If t > 2, we have that 

(7^— + (7^— + • • • + 1 > tq'^t > t^(g n /* - 1). 

That can't hold by (|2~2~%|l . Thus t = 2. If g is odd, then q n/2 - 1 is even. That 
implies 

^" /2 -i)<i(<z" /2 -i). 

But then 

q n/2 + 1 > q n/2 - 1 > 2ip{q n l 2 - 1). 
By (|2.2.8|l we conclude that q must be even. Since tp(q n / 2 - 1) < g n / 2 - 1, by l|2.2.8|) 
we have that 

q n/2 + 1 | 2( /3 ( g Il/2 - 1) < 2(q n/2 - 1). 

Thus q n l 2 + 1 = 2tp(q n / 2 — 1) and q can not be even. Therefore t = 1 and so the 
action of G/H on ii is faithful. □ 

Case 2.2.9. Assume (i) of Lemma \2.1.}A i.e., assume G is a subgroup of the semi- 
linear group T(V). Then 

(i) e = 2 and G = Z3 or G = S3. 

(ii) e = 3 and G = Qs- 

Proof. By Claim 12.2.61 we have that ii = G n U is a normal cyclic subgroup of G 
and G/7i acts faithfully on H . 

Because H is cyclic, we have then |Aut(if)| = tp(\H\), where ip is the Euler 
function. Since G/H acts faithfully on H, we have that 

\G\ < \H\p(\H\). 

If \H\ is not a prime number and \H\ ^ 4 , then ip(\H\) < \H\ — 3. By Lemma 
l2~2~3l we have that \H\ < e + 1. So 

<p(\H\) <|if|-3<e+l-3<e-2. 

But then |G| < \H\(p(\H\) < e 2 - 1, a contradiction with Claim l2~2~5l So we can 
assume that either \H\ is a prime number or \H\ — 4. 

Suppose that \H\ is a prime number q. Then by Lemma 12.2.31 we have that 
q < e + 1 . If q < e + 1 , then q < e and 
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|G| < \H\ip{\H\) = q(q - 1) < e(e - 1) < e 2 - 1. 

But that is a contradiction with Claim 12.2.51 Thus q = e + 1. Observe that 
q(q — 2) = e 2 — 1. Because of Claim l2~2.5l we have that q(q — 2) = e 2 — 1 divides 
<7(<7 — 1) . Since e > 1, q = 3 and e = 2. Thus -ff | = 3 if |iJ| is a prime number. 

It remains to consider \H\ = 4. By Lemma 12.2.41 |G| divides \H\ip(\H\) = 8. By 
Claim l2~2~5l we have that e 2 - 1 divides \G\. Since \G\ divides 8, then e 2 - 1 = \V*\ 
is 2, 4 or 8. Since V is a symplectic vector space, \V\ — q 2 for some power of a 
prime q. It follows that \V* \ = 8 and G < SL(2, 3). Thus G = Q 8 . □ 

Case 2.2.10. j4sswme case (zi^ of Lem,m,o, \2.1.'A Then 

(v) q n = 3 4 , F(G) is extra-special oforder2 5 , |F 2 (G)/F(G)| = 5 andG/F 2 (G) < 

Z 2 . 

Proof. Since G acts symplectically and faithfully on a vector space V and |V| = 3 4 , 
we have that G is isomorphic to a subgroup of Sp(3,4). Using the Atlas, we can 
check that G/F 2 (G) < Z 2 . □ 

Case 2.2.11. Assume case (iii) of Lemma \2.1. 6 A Then e € {5,7}. Furthermore 
one of the following holds 

(ii) e = 3 and G = SL(2,3). 

(Hi) e = 5 and G = SL(2, 3). 

(iv) e = 7 andG^ GL(2,3). 

Proof. By Lemma l2~l~2l (iii) . we have that e 2 e {3 2 , 5 2 , 7 2 , ll 2 , 23 2 }. Thus G < 
Sp(2,e). Recall that F(G) = Q 8 T, where T < Z(GL(V)). Thus T = Z(GL(V)) n 
Sp(2,e) = Z(Sp(2,e)). Since Sp(2, e) = SL(2,e) and |Z(SL(2,e))| = 2 by Lemma 
12X31 (T) and (iii), we have that \T\ = 1 or \T\ = 2. Since TnQ 8 = Z(Q 8 ), it follows 
that T = Z(Q 8 ). Thus F(G) = Q 8 . 

Since Aut(Q 8 ) = 5 4 (see Exercise 5.3.4 of 0), we have that Aut(Q 8 )| = 24. 
Since Z(Q 8 ) is cyclic of order 2, by Claim l2~2.4l we have that |G| is a divisor of 48. 
By Claim 12.2.51 we have that e 2 - 1 has to divide 48. Therefore e G {3, 5, 7}. 

By hypothesis G is isomorphic to a subgroup of Sp(U). Recall that |F| = e 2 . 
By Lemma [2 .1.31 we have that SL(2,e) = Sp(2, e). Thus if e = 3 then |G| divides 
SL(2,3)| = 24. Since G acts transitively on a set of 8 elements, we have that 8 
divides |G|. Since Q 8 /Z(Q 8 ) = F(G)/T is a faithful irreducible G/F(G)-module, 
it follows that G SL(2, 3). 

If e = 5, then G is isomorphic to a solvable subgroup of SL(2, 5). By Claim 
12.2.51 we have that the order of G is divisible by 24 = e 2 — 1. Since SL(2, 5) is not 
solvable (see Lemma EU (iii) ) and |SL(2,5)| = 5 x 24, we have that |G| = 24. 
Since F(G) ^ Q 8 , and |G| = 24, we have that G SL(2, 3). 

Similarly, if e = 7, G is isomorphic to a subgroup of SL(2, 7). By Claim l2~2.5l we 
have that G is a solvable group of order divisible by 48 = 7 2 — 1. Since SL(2, 7) is 
not a solvable group (see Lemma \'2. 1.31 (iii) ) and | SL(2, 7)| — 7 x 48 we have that 
|G| = 48. By Lemma |2~1~d1 we have that G £ GL(2, 3). □ 



We have analyzed all the cases given in the conclusion of Lemma 12.1.21 So we 
have finished the proof. □ 



8 



EDITH ADAN-BANTE 



3. Theorem A 

Our main result of this section is Theorem A. In Proposition 13 . 3 . 51 for each case 
(i) to (v) in the conclusion of Theorem A, we will give an example of a solvable 
group and a faithful character \ £ Irr(G) satisfying the conditions in that case. 

3.1. General results. All the results in this section are proved in pQ. 

Lemma 3.1.1. Assume that G is a finite group. Let L and N be normal subgroups 
of G such that L/N is an abelian chief factor of G. Let G Irr(L) be a G-invariant 
character such that 8^ is reducible. Then 

ee = \ L N + <5> 

where $ is either the zero function or a character of L and [$atj In] = 0. 

Proof. See Lemma 4.1 of pQ. □ 

Lemma 3.1.2. Assume that G is a finite group and \ £ Irr(G) is a faithful char- 
acter. Let {a, G Irr(G)# | i = 1, ...,n} be the set of non-principal irreducible 
constituents of \X- Then 



Z(G) = f)Ker(ai). 



Proof. See Lemma 5.1 of pQ. □ 

Lemma 3.1.3. Assume that G is a finite solvable group and x £ Irr(G) with 
x(l) > 1. Let {cti G Irr(G)^ | i = 1, . . . ,n} be the set of non-principal irreducible 
constituents of XX- If Ker(<Xj) is not properly contained in Ker(ai) for all i, then 
[XX, OLj] = 1. Thus 1 G {[XX; ^ \ i = l,...,n}. 

Proof. See Theorem C of Q]. □ 

3.2. Proof of Theorem A. We will need two lemmas in the proof of Theorem A. 
These results are well known. 

Lemma 3.2.1. Let G be a solvable group with cyclic center Z(G). Assume that 
E/Z(G) is a chief factor of G. If E/Z(G) is a fully ramified section with respect 
to some A G lrr(E), then C G (E/Z(G)) = EC G (E). Also E/Z(G) is a symplectic 
vector space and the conjugate action of G on EjZ{G) preserves the symplectic 
form. 

Lemma 3.2.2. Let G be a group and H be a subgroup of G. If x £ Irr(G) and 
X H elrv(H),thenC G (H)<Z(x). 

Proof of Theorem A . Lemma 13.1.31 implies that m = 1 . 

Since x is a faithful character, we have that Z(x) = Z(G) = Z. By Lemma 13.1.21 
we have that Ker(a) = Z . 

Claim 3.2.3. Let N be a normal subgroup of G. Then \n G Irr(A) or N < Z. 

Proof. Assume N is not contained in Z. Since Ker(a) = Z and N is normal in 
G, we have that [ajv, In] =0. We conclude that [(xx)n, Ijv] = L Thus xn is an 
irreducible character of N. □ 
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Claim 3.2.4. Let E/Z be a chief factor ofG. Let A e Irr(Z) be such that [A, \z] ^ 
0. Then \e and A are fully ramified with respect to E/Z . Therefore E/Z is a 
symplectic vector space and G acts on it preserving the symplectic form. Also 
X {lf = \E:Z\. 

Proof. By Claim I3~2. 31 we have that \e € Irr(J3). By (|1.0.1fl we have that 

x(l) 2 = l + mA(l) 

and therefore x(l) > 1- By hypothesis, G is solvable and so E/Z is abelian. Since 
Z = Z(G) and xz reduces, by Theorem 6.18 of |S] we have that xe is fully ramified 
with respect to E/Z. Thus xz — eA, where e 2 = \E : Z\. In particular, we have 
that e = x(l). □ 

Claim 3.2.5. ( X x)e = if- 

Proof. Since x(l) 2 = \E '■ Z\, by Lemma f3. 1.11 we get the claim. □ 

Claim 3.2.6. C G (E/Z) = E. Thus G/E acts symplectically and faithfully on 
E/Z, transitively on (E/Z)^ . 

Proof. By Lemma |3~2~T1 we have that C G (E/Z) = EC G (E). If C G (E) ^ Z, then 
Claim I3~2 . 31 implies that Xc G (E) € I r r(C(3(i?)). By Lemma f3 . 2 . 21 we have that 

E < C G (C G (E)) < Z( x ) = Z(G) = Z < E. 

We conclude that C G (E) = Z. Thus E = C G (E/Z). Therefore G/E acts faithfully 
on E/Z. 

By Claim 15". 2. 51 we have that a# = if — 1e- Since E is normal in G and 
a e Irr(G), by Clifford theory we have that G acts transitively on the set 

Irr(^modZ) # = {76 \tt(E) | 7 / l,Ker( 7 ) > Z}. 

Therefore by Lemma 5.2 of [3], we have that G acts transitively on (E/Z)^ . The 
rest follows from Claim I3~2. 41 □ 

Claim 3.2.7. Set G = G/E. Then one of the following holds 

(i) e = 2 and either G = S3 or G = Z3. 

fiij e = 3 and either G = Qs or G = SL(2, 3). 

fmj e = 5 and G = SL(2, 3). 

(iv) e = 7 and G ^ GL(2,3). 

e = 9, F(G) is an extra-special group of order 2 5 , namely the central product 
of the quaternion group Qs and £/ie dihedral group of order 8, |F2(G)/F(G)| = 5 
and G/F2(G) is a subgroup of the cyclic group of order 2. 

Proof. By Claim 13.2.61 we have the hypotheses of Theorem 12.2.11 The rest follows 
from Theorem 12. 2. II □ 

Since e 2 = \E/Z\ and x(l) = e, Theorem A follows from Claim |3~!T71 □ 

3.3. Examples. The following is a set of examples of solvable groups with ir- 
reducible characters that satisfy the hypotheses of Theorem A. We will use the 
notation of Theorem A in this subsection. We will start with some lemmas that we 
will use in the construction of some of the examples. 
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Lemma 3.3.1. Let E be an extra-special group of order p 2n+1 and exponent p, for 
some odd prime p. Observe that E/Z(E) is a vector space of dimension 2n over 
GF(p) with a symplectic form. Then the following short exact sequence 

-> Inn(E) -> Aut(£modZ(£;)) -> Sp(2n,p) -> 

splits. 

Proof. See □ 

Lemma 3.3.2. Let G be a finite group. Let E/Z(G) be an abelian chief factor of 
G. Assume that the action by conjugation of G/E on (E /Z(G))# is transitive. Let 
X G Irr(G) be a faithful character of G. Assume that xe G Itt(E) and x(l) > !• 
Then x satisfies (|1.U.1|I . i.e. t](x) = 1- 

Proo/. Set Z = Z(G). Let A G Irr(Z) be a character of Z such that [xz,A] ^ 0. 
Since xb G Itt(E) and Z = Z(G) < Z{E), by Corollary 2.30 of we have that 
x(l) 2 < \E : Z\. Observe that xz is a reducible character since %(1) > 1 and Z = 
Z(G) is abelian. Observe also that if (1) = \E:Z\> x(l) 2 . Since x(l) 2 < l-E : Z|, 
by Lemma 1.11 we conclude that 

(3-3.3) (xx)b - If. 

In particular, x(l) 2 = \E : Z\. 

Let a G Irr(G) # be such that [a, xx] 0- Observe such a exists since x(l) > 
1. By Lemma 13.1.21 we have that Ker(a) > Z. By l|3.3.3|) we have that E is 
not contained in Ker(a). Thus the irreducible constituents of cue are elements of 
Irr(£modZ)#. By Clifford theory we have that the irreducible constituents of 
as are G-conjugate. Our hypothesis is that G/E acts transitively on (E/Z)#. 
Thus G/E acts transitively on the set Irr(£ , modZ)#. We conclude that the set 
of irreducible constituents of is Irr(SmodZ)#. Therefore a(l) > \E : Z\ - 1. 
Since x(l) 2 — 1^ : %\> a 1S an irreducible constituent of xXi > \E '■ Z| — 1 and 
[Id Xx] = 1, we have that 

XX = 1<3 + a. 

□ 

Lemma 3.3.4. Assume the notation of Theorem A. Let p G {3,5,7}. There exists 
a group G that satisfies the hypotheses of Theorem A and such that x(l) = V an d 
\G : Z(G)| = p 2 x (p 2 — 1). In particular 

(i) Ifp = 3, then G_^ Q 8 . 

(it) If p = 5, then G ^ SL(2, 3). 

(in) Ifp =7, then G ^ GL(2,3). 

Proof. Let _B be an extra-special group of order p 3 and exponent p, where p G 
{3,5,7}. 

Observe that SL(2, 3) has a subgroup of order 8, namely the quaternion group 
Q8- We can check that SL(2, 5) has a subgroup isomorphic to SL(2, 3) (see Lemma 
12.1.31 (v)), and thus has a subgroup of order 24. Also SL(2, 7) has a subgroup of 
order 48, namely GL(2, 3) (see Lemma \l. 1.611 . Thus for p G {3, 5, 7}, there exists a 
solvable subgroup H of SL(2,p) of order p 2 — 1. 

Set V = E/Z(E). Observe that V is a vector space of dimension 2 over GF(p) 
and V has a symplectic form, namely (v,u) i— > [v,u]. Denote by Sp(2,p) the 
group of automorphisms of V that preserves the symplectic form of V. Since 
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SL(2,p) = Sp(2,p) (see Lemma \l. 1.31 (i)). we may assume that H is a subgroup of 
Sp(2,p). By Lemma [3.3.11 we may assume that H < Aut(.E mod Z (£?)). We can 
check that H acts transitively on V# . 

Let G = H k E be the semidirect product of E by H . Observe that Z(G) = Z(E). 
Set Z = Z(G). Let A £ lrr(E) be a character of degree p. Observe that A is a 
G-invariant character. Since (\H\, \E\) — 1, and A is a G-invariant character, A 
extends to G (see Theorem 13.3 of [HJ). Let \ S Irr(G) be an extension of A. 

Observe that Ker(x) is a normal subgroup of G and acts on E by conjugation. 
Thus Ker(x) is normal in Ker(x)£\ Since E is also normal in Ker(x)E>, we have 
Ker(x) < C G (E) < E. Since Ker(x) n E = Ker(A) = 1, it follows that x is a 
faithful character. 

Observe that we have the hypothesis of Lemma [3.3.21 Thus the result follows 
from that Lemma. □ 



Proposition 3.3.5. For each of the cases (i) - (v) in the conclusion of Theorem 
A, there exists a solvable group and a faithful character \ £ Irr(G) satisfying the 
conditions in that case. 

Proof, (i) Let G = GL(2, 3) and \ S Irr(G) be a character of degree 2. We can 
check that \ satisfies (|l.U.lf) . We can check that G/Z(G) = S4. 

Let G = SL(2, 3) and \ £ Irr(G) be a character of degree 2. We can check that 
X satisfies (|1.0.1[) . We can check that G/Z(G) = A A . 

(ii) Lemma 13.3.41 gives us a solvable group satisfying (ii) of Theorem A with 
G = Q8- It remains to prove that there exist a group G and a faithful character \ 
satisfying (ii) such that G = SL(2,3). 

Let E be an extraspecial group of order 27 and exponent 3. Then E/Z(E) = V 
may be regard as a vector space of dimension 2 over GF(3), the finite field with 3 
elements. Observe that SL(2, 3) acts on V transitively. By Lemma r2.1.3l (T) we have 
thatSL(2,3) = Sp(2,3). Also bv Lemma l2~T"3l (v ), we have that SLf2. 3) ^Q 8 xiZ3. 
We will assume that SL(2,3) = Qs * Z 3 By Lemma 13.3.11 we may regard SL(2,3) 
as a subgroup of Aut(E mod Z(E)). 

Let G = SL(2,3) x E. Observe that E/Z is a chief factor of G since SL(2,3) 
acts transitively on (E/Z)#. Let A £ ln(E) be a character of degree 3. Observe 
that A is G-invariant. Since (|Qs|, \E\) — 1 and A is G-invariant, we have that A 
extends to Qs K E. Since Z3 is cyclic and A is G-invariant, A extends to Z3 x E. 
Thus A extends to G (see Corollary 11.31 of Let \ £ Irr(G) be an extension 
of A. We can check that x is a faithful character. By Lemma [3.3.21 it follows that 
v(x) = 1 an d we are done with this case. 

(iii) and (iv) This is Lemma f3. 3.41 (11) and (iii). 

(v) Using the Atlas, we can check that Sp(4, 3) has a subgroup H such that F(H) 
is an extra-special group of order 2 5 , namely the central product of the quaternion 
group Qs and the dihedral group of order 8, |F 2 (-ff)/F(iJ)| = 5 and H/F 2 (H) is a 
subgroup of the cyclic group of order 2. 

Let E be an extraspecial group of order 3 5 and exponent 3, and let A £ Iir(E) be 
a character with degree 9. By Lemma 13.3.11 we may assume that H is a subgroup 
of Aut(£ , modZ(_E)). Set G = H x E. Observe that A is G-invariant. Since 
(\H\, \E\) = 1 and A is G-invariant, A extends to G. Let x € Irr(G) be an extension 
of A. Lemma f3 . 3 . 21 implies that (11.0. lj l holds for \ and so we are done. □ 
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4. Theorem B 

In this section we study the solvable groups G that have an irreducible char- 
acter x such that XX has exactly 2 distinct non-principal irreducible constituents. 
Theorem B will be proved in Subsection 4.2. Examples of groups satisfying the 
hypotheses of Theorem B will be provided in Subsection 4.2. If, in addition, the 
group G is also nilpotent, the structure of the group is very constrained. We will 
classify those groups in Subsection 4.3 

4.1. Hypothesis 14.1.11 

Hypothesis 4.1.1. Let G be a finite solvable group. Let x S Irr(G) be a faithful 
character. Assume 

(4.1.2) XX = 1g + m i a i + m 2 a 2 

where a±,a 2 G Irr(G) are non-principal characters, m\ and m 2 are strictly positive 
integers. Set Z — Z(G). Let A G Irr(-Z) be the character such that [xz, A] =/= 0. 

4.2. Derived length. 

Lemma 4.2.1. Assume Hypothesis \4 ■ 1 ■ i| Let N be a normal subgroup of G Then 
Xn G Irr(AT) if and only if N Ker(ai) and N ^ Ker(a 2 ). 

Proof. Observe that 

[(XX)nAn] = [lN+mi(ai) N +m 2 {a 2 )N, 1 N ] = l+mi[(ai)jv, lw] +m 2 [(a 2 )Ar, Ijv]- 

Thus [(xx)n, liv] = [xn,Xn] = 1 if and only if [(ai)iv, Ijv] = and [(a 2 )jv, Ijv] = 0. 
Therefore [xjv,xjv] = 1 if and only if AT ^ Ker(ai) and A~ ^ Ker(a 2 ). Since 
[xn, Xn] = 1 if and only if xn G Irr(iV), the result follows. □ 

Lemma 4.2.2. Let T be a finite group and O a character of T . Suppose that 
T = Rx S. Assume that Q(g) — if g e T \ R or if g eT\S. Then 

^ ^{e(l) lltrle. 

Thus Q is a multiple of the regular character. 

Proof. Since Q(g) = for g G T \ R and R n S = 1, 9(s) = for all s G S \ {1}. 
Also 6(<) = for alH G T \ S. Thus (|4"2~3l holds. □ 

Lemma 4.2.4. Assume Hypothesis \4-l.i\ Then either Ker(ai) = Z or Ker(a 2 ) = 
Z. 

Proof. Assume that Ker(ai) ^ Z and Ker(a 2 ) ^ Z. 

Let R/Z be a chief factor of G, where R < Ker(ai). Note that such an R exists 
since Z = Ker(ai) D Ker(a 2 ) by Lemma |3.1.2I and Ker(ai) ^ Z by assumption. 
Observe also that R j£ Ker(a 2 ). Similarly, let S/Z be a chief factor of G such that 
S < Ker(a 2 ). Set T = RS. Since Ker(a x ) n Ker(a 2 ) = Z, we have that RnS = Z. 
Hence T ^ Ker(ai) and T ^ Ker(a 2 ). By Lemma T4.2. II we have that xt G Irr(T). 

Since S/Z is a chief factor and T = RS with R n S = Z, we have that T/i? is a 
chief factor of G. Let t/> G Irr(i?) be such that [xr, ip] ^ 0. By Theorem 6.18 of |S] 
one of the following holds 

a) xr — i J - 

b) Xii = Clip for some t/j G Irr(i?) and some integer e\ > such that ei 2 = |T : 
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C) ^ T = XT- 

Observe that \R — ^ can n °t hold since R < Ker(ai) and Lemma l4.2.1l Observe 
also that b) and c) imply that x(<?) = if g S T \ R. Similarly, we can check that 
X(g) = if g G T \ S. Since R/Z, S/Z are chief factors of G, they are elementary 
abelian. Thus we have 

( if eeT\R 
XX(e)=\ ifeeT\S 

[ x(l) 2 ifee RDS = Z. 

Recall that R and S are normal subgroups of G with R n S — Z and T = RS. 
Then we have that T/Z = R/Z x S/Z. By Lemma 14.2.21 we have that \X 1S a 
multiple of the regular character of i?S'modZ, i.e. the regular character of RS/Z 
inflated to RS. Thus x(l) 2 > \T : Z\. Since X t 6 Irr(T) and Z = Z(G), we 
have that x(l) 2 < \T : Z\. Therefore {xx)t — if i s the regular character of 
TmodZ. Because all the characters of Irr(TmodZ) are linear, and thus appear 
with multiplicity 1 in if, and (xx)t = if, we have that mi = m,2 = 1. 

Observe that 

[(XX)R, Ifl] = [((xx)t)a, Ih] 

= [(lz)fl,lfl] = |r:fl|. 
Recall that i? < Ker(ai) and R j£ Ker(a 2 )- Applying (|4.1.2|l we get that 

l + ax(l) = [(xx)R,lR] = \T:R\. 
Similarly we can check that 

l + a 2 (l) = \T:S\. 

Thus 

X (l) 2 = \T:Z\ = l + ai(l) + a 2 (l) = |T : i?| + |T : 5| - 1. 
Because T = RS and i? n 5 = Z, we have that \T : S\ = \R: Z\. Observe that 

\T : Z\ = \T : R\\R : Z\. 

So we get 

\T : R\\R : Z\ = \T : R\ + \R : Z\ - 1. 

Therefore 

{\T : R\ - 1)(\R : Z\ - 1) = 0. 

This is impossible since neither |T : R\ nor \R : Z\ is 1. Thus either Ker(ai) = Z 
or Ker(a 2 ) = Z. □ 

We are going to describe how G looks, depending on Ker(ai) and Ker(a 2 ). 

Proposition 4.2.5. Assume Hypothesis \4 ■ 1 ■ i| Assume also that 

Ker(ai) = Ker(a 2 ) = Z. 

Let E/Z be a chief factor of G. Then E/Z is a fully ramified section with respect 
to xe and A. Furthermore G/E acts faithfully and symplectically on E/Z, with 2 
orbits on (E/Z)*. Thus dl(G) < 18. Also mi = m 2 = 1, x(l) 2 = \E:Z\ and x(l) 
is a power of a prime. 
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Proof. By Lemma 14.2.11 we have that xe € Irr(E). Since X-e(I) 1) E/Z is a 
fully ramified section with respect to xe and A. By Lemma 13.2.11 we have that 
Cq(E /2(G)) = ECg(E) and E/Z has the structure of a symplectic vector space. 
Since x is a faithful character, we have that Z(x) = 2(G) — Z. By Lemma [3.2.21 
we have that C G (E) < 2(\) = Z. Thus C G (E/Z) = E. We conclude that G/E 
acts faithfully and symplectically on E/Z. 

Since E/Z is a fully ramified section with respect to xe and A, we have that 

(4.2.6) ( X x)e = If. 

In particular, x(l) 2 = \E : Z\. Since E/Z is a chief factor of a solvable group, 
\E : Z\ is a power of a prime number. Therefore x(l) is a power of a prime number. 
By (|4.1.2I) and 14.2.6|) we have that 

(4.2.7) if = (xx)e = (1g + "Hal + m 2 a 2 ) E = 1e + mi(ai) E + m 2 (a 2 ) E - 

By Clifford Theory we have that the irreducible constituents of (o.\)e form a G- 
orbit. Similarly, the irreducible constituents of (a 2 )e form a G-orbit. If the ir- 
reducible constituents of (a\)E are the irreducible constituents of (oi 2 )e, then by 
(|4.2.7|l G/E acts transitively on if \ 1e- Since xe is irreducible, by Lemma f3. 3. 21 
and Theorem A it follows that XX = 1g + «i where a e Irr(G). Thus the irreducible 
constituents of (cx.\)e and (u 2 )e form two distinct G-orbits. By l|4.2.7|) . we have 
that the number of orbits of G on lrr(E mod Z)# is 2. Therefore the number of 
orbits of G on (E/Z)* is 2. 

Since G/E acts faithfully and irreducibly on E/Z, with 2 orbits on (E/Z)*, by 
Theorem 5.4 of we have that d\(G/E) < 16. Therefore dl(G) < 16 + 2 = 18. 
Observe that mi = m 2 — 1 by Lemma 13.1.31 □ 

Remark. We will give an example of a group satisfying the hypotheses of 
Proposition 14 . 2 . 5l in Proposition ^. 3. 31 

Proposition 4.2.8. Assume Hypothesis \4 ■ 1 ■ i\ Then the order of G is even. 

Proof. Let A e ln(Z) be such that [xz, A] ^ 0. Let E/Z be a chief factor of G. 

If 2 | x(l)> then |G| has to be even since x(l) | |G|. So we may assume that x(l) 
is an odd number. 

If on is a real character, for some i, then G contains a conjugacy class with 
elements of order 2. Thus G has to be of even order. We may assume that a,\ and 
a 2 are not real characters. 

Since XX is a real character and ct\ and a 2 are not real characters, by H4.1.2|) 
we conclude that cFf = a 2 . Thus Ker(ai) = Ker(«2) and ai(l) = a 2 (l). Since 
Z = Kcr(ai) nKer(a2) by Lemma 13. 1.21 we conclude that Ker(ai) = Ker(«2) = Z. 
Thus by the previous Lemma, x(l) is a power of an odd prime and mi = m 2 = 1. 
In particular 4 divides x(l) 2 ~ 1- 

By (|4.1.2|) we have that 

X(l) 2 = l + 2 ai (l). 

Thus 2ai(l) = x(l) 2 — 1- Since 4 divides x(l) 2 ~ 1) we must have that 2 divides 
ai(l). By Hypothesis 14. 1 . l| we have that a\ £ Irr(G). Thus 2 divides the order of 
G. □ 

Proposition 4.2.9. Assume Hypothesis \4-l.l\ Assume also that K — Ker(ai) is 
an abelian group properly containing Z. Let 9 G lrr(K) be such that [xk,0] ^ 0. 
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Denote by Gg = {g G G\9 9 = 9} the stabilizer in G of 9. Let L/K be a chief factor 
of G. Then 

(i) Ker(a 2 ) = Z. 

(ii) G = G e L and Ge C\ L — K . 

(Hi) Gg/K acts faithfully and irreducibly on L/K, and transitively on (L/K)#. 
In particular, dl(G) < 6 and xO-) * s a power of a prime. Also mi = 1. 

Proof. Since Ker(ai) ^ Z, by Lemma T4. 2. 41 it follows that Ker(a 2 ) = Z. 

By Lemma r4.2.1l we have that \l €E Irr(L). Since xk is reducible, K is abelian 
and Z(x) = Z j= K, by Theorem 6.18 of [5] we have that \l = 9 L and that G e < G. 
By Clifford theory it follows that \ is induced from an irreducible character of Gg. 
By Exercise 5.7 of [H], we have that G = GgL. Since L/K is an abelian group, 
Ge > K and G = GeL, we have that Ge H L is a normal subgroup of G containing 
K. Observe that XG g is reducible since x is induced from some character of Ge 
and Ge < G. Thus xg b dl is a reducible character, since Gg R L < Gg. Because 
K < Gg P\ L < L, Ge C) L is & normal subgroup of G and L/K is a chief factor 
of G, we have that either Gg f~l L = L or Gg n L = K. If G e n L — L then 
G = G e L = G <G. Thus Gg D L = K . 

Observe that Cq(L/K) is a normal subgroup of G that contains L. Set C = 
C G (L/K). Since G = GeL, we have that C = {CC\Gg)L. Observe that CnG e < G e 
and [G n Gg, L] < [G, L] < K. Thus G n G e < G e is a normal subgroup of G. If 
C ^ L then G n Gg < Gg is a normal subgroup of G that properly contains K. 
Thus xcnGe £ Irr(G (~l Gg) by Lemma 14.2.11 This can not be because x is induced 
from some character of Gg and C P\ Gg < Gg < G. Thus G n Ge = if and 
C = L. Therefore Gg/K acts faithfully on L/K. Also Gg/K acts irreducibly on 
L/X since G = G#L acts irreducibly on the chief factor L/K, L = C = Cq(L/K) 
and G n Gg = K. 

By Lemma fo.l.ll we have that 



where $ is either the zero function or a character of L, and [$k, lie] = 0. Also, by 
(14. 1.211 we have that 



Since Ker(a 2 ) = Z < Ker(ai), we have that [{q.2)kAk\ = 0. Thus by (|4. 2.10(1 
and 1(4.2.11(1 it follows that the irreducible constituents of (o;i)l form the set 
Irr(L mod K)#. It follows that G acts transitively on Irr(Lmodif)#. Therefore G 
acts transitively on (L/K)#. 

Since Cq(L/K) = L, we have that that G/L acts faithfully on L/K and transi- 
tively on (L/K)# . Using Lemma f2. 1.21 we can check that d\(G/L) < 4. Since L/K 
is a chief factor of G and K is abelian, it follows that dl(X) < 2. We conclude that 
dl(G) < 6. 

Since xl = 9 L and 0(1) = 1, we have that %(1) = \L : K \. Observe that \L : K\ 
is a power of a prime since L/K is a chief factor of a solvable group. Thus xiX) is 
a power of a prime number. By Lemma 13 . 1 . 31 we have that mi = 1. □ 

Remark. In Proposition 14.3.41 we will prove that for any prime p and any 
nonzero positive integer m, there exist a group G and a character x S Irr(G) with 
x(l) = p m satisfying the hypotheses of Proposition 14.2.91 



(4.2.10) 



(4.2.11) 



(xx)l = 1l + {mxax) L + (TO 2 a 2 )i. 
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Lemma 4.2.12. Assume that G is a group such that F(G) is an extra-special group 
of order 2 5 , |F2(G)/F(G)| = 5 and G/F2(G) is a subgroup of the cyclic group of 
order 2. 

Then cd(G) C {1, 2, 4, 5, 8, 10}. Also, if a G Irr(G) <md a(l) = 8, then Ker(a) = 

1. 

Proof. Observe that Z(G) = Z(F(G)). Since F(G) is an extra-special group of 
order 2 5 , there exists a unique A G Irr(F(G)) such that A(l) = 4. This A is a 
G-invariant character. Since the p-Sylow subgroups of G/F(G) are cyclic for all 
primes p, and A is a G-invariant character, we have that A extends to G. Observe 
that cd(G/F(G)) C {1, 2}. Thus the degrees of the characters in Irr(G|A) lie in the 
set {4,8}, while those of Irr(GmodF(G)) lie in {1,2}. 

Let A G Lin(F(G)modZ(G)) # be a linear character of F(G). Since F 2 (G)/F(G) 
acts without fixed points on (F(G)/Z(F(G))) # , i.e on Lin(F(G)) # , we have that A 
induces irreducibly to F2(G). If X G Irr(G) lies above A, then Xf(g) is the sum of 
x(l) distinct linear characters of F(G) mod Z(G). Because of |G : F(G)| G {5,10}, 
we have that x(l) G {5, 10}. □ 

Proposition 4.2.13. Assume Hypothesis \4-l-l\ Assume also that Ker(ai) is not 
abelian. Let E/Z be a chief factor of G such that E < Ker(ai). Let FijE be the 
Fitting subgroup ofG/E. Then mi — X, 771,2 = 4, ai(l) = 3 and FijE is isomorphic 
to Qg. Also, one of the following holds 

(<;x(l) = 10, G/£SSL(2,3). 

(ii) x(l) - 14, G/£~GL(2,3). 

Proof. Set K = Ker(ai). Let G Itt(K) be a character such that [xk, 6] ^ 0. Since 
K is nonabelian and \ is faithful, xk is a sum of G-conjugate nonlinear characters, 
one of which is 9. Therefore 9(1) > 1. 

Let A G Itt(Z) be such that [A, 9 Z ] ^ 0. By Lemma l4~2~4l we have that Ker(a 2 ) = 

Z. 

Claim 4.2.14. For any normal subgroup N of G such that Z < N < K, we have 
On G Irr(iS). Ln particular 

(4.2.15) A = E G hr(E). 

Proof. Suppose that 9m is a reducible character. Then [On, On] > L Since [xk, 0} ^ 
0, we have that 

[(XX^M = [xn,Xn] > [xk,Xk] = [{xx)kAk\- 

Thus there exists an irreducible constituent a of XX such that N < Ker(a) and K ^ 
Ker(a). But the irreducible constituents of XX are 1<3> ct\ and 012 and their kernels 
are G, K and Z respectively. We conclude that On is an irreducible character. □ 

Since 0e is not a linear character, E/Z is a chief factor of G and Z = Z(G), the 
section E/Z is fully ramified with respect to A and A. Thus 

(4.2.16) A is G-invariant and A(l) 2 = \E : Z\. 

Claim 4.2.17. Cq(E/Z) = E. Thus G/E acts faithfully on the symplectic vector 
space E/Z. Also G/E acts transitively on (Lm(E/Z))#, hence on (E/Z)& . 
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Proof. We will first prove that Cg(E) = Z. Observe that C G (E) is a normal 
subgroup of G. Suppose that C G (E) ^ Z. If C G (E) < K, by Claim EH we 
have that Ocg(e) 6 I it (Cg(^'))- By Lemma \'S. 2. 21 we have that 

E < C K (C G (E)) < Z(0). 

Since A = 9 E G Irr(_E) and -E < Z(0), it follows that A is a linear character. 
Therefore 0(1) = 1. But 0(1) > 1. So we may assume that C G (E) K. By 
Lemma [4.2.11 we have that Xc g (e) €E lir(C G (E)). As before, by Lemma [3.2.21 we 
have that 

E < C G (C G {E)) < Z(x) = Z < E, 

a contradiction. Thus C G (E) = Z. By Lemma [3.2.11 we have that C G (E/Z) = 
C G (E)E. Since C G (E) = Z, it follows that C G (E/Z) = E. 

By (|4.2.15j) and (|4.2.16(l we have that EjZ is a fully ramified section with respect 
to A and A. Since Z = Z(G), we have 

(4.2.18) {09) e = AA = if. 

Since [A, (x)e] Oj we have (xx)e = if + 3>, where $ is character of E. Since 
K = Ker(ai) > E and (|4. 1.2(1 holds we have 

(xx)e = (1g + TOiai + m 2 a 2 )E 

= (1 + miai(l))lB + m 2 {a2)E 
= lf + 

By Clifford Theory, the irreducible constituents of (a2)_g are G-conjugates. Thus 
(Irr(£ mod Z))# is a G-orbit. □ 

Claim 4.2.19. Sef e 2 = \E : Z\ and G = G/E. Then one of the following holds: 

(i) e = 2, and either G = S3 or G = Z3. 

(ii) e = 3 ; and either G = Qs or G = SL(2, 3). 
(Hi) e = 5 and G = SL(2, 3). 

(iv) e = 7 andG^ GL(2,3). 

(v) e — 9, F(G) is an extra-special group of order 2 5 , |F2(G)/F(G)| = 5 and 
G/F 2 (G) is a subgroup of the cyclic group of order 2. 

Proof. This follows from Claim IPT7I and Theorem |2~2~H □ 

Claim 4.2.20. Let e S {2,3,5,7}. Set A = (9) E . Then A e lrr(E), A(l) = e and 
A extends to G, i.e. there exists A e G Irr(G) such that (A e )^ = A. 

Proof. By (|4.2.15|l we have that A = 9 E e lrr(E). By (|4.2.18|l we have that 
A(l) = e. 

Assume e = 2. Since the p-Sylow subgroups of G/-E are cyclic for all primes p, 
by Corollary 11.22 and Corollary 11.31 of |S] we have that A extends to G. 

Assume now that e G {3,5,7}. Observe that for primes p ^ 2, the p-Sylow 
subgroups of G/E are cyclic. If we can prove that A extends to ET, where T is 
a 2-Sylow subgroup of G, then A would extend to G (see Corollary 11.31 of 5 ). 
In our situation we have that either TE/E = Q§ or TE/E = Qi6- It follows 
from the example on page 301 of that ff 2 (Q 8 ,C) = 1 and # 2 (Qi 6 ,C) = 1. 
By Proposition 11.45 of this implies that A extends to ET. Thus A extends to 
G. ' □ 
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Claim 4.2.21. Let e e {2,3,5,7}. Let A e e Irr(G) be an extension of A e Irr(.E). 
Then 

(4.2.22) x = A e V> 

for some ip G ]xr(G mod E) . Also 
(i) A e A^= l G + a 2 . 
(it) ipip = If? + a\. 

(Hi) ot\cti = ai(l)aa and ni2 = 1 + ai(l). 

Proo/. Since [A, xe] ^ and A extends to A e e Irr(G), by Corollary 6.17 of [H] 
there exists %j) G Irr(Gmod-E) such that (|4.2.22|l holds. 

Observe that Ker(A e ) < E since A e is an extension of A and G/E acts faithfully 
on E/Z (see Claim IOT7)) . Since x is faithful and Ker(A e ) < E, by (|4.i>.2^j) we 
have that Ker(A e ) = Ker(x) D E = 1. Thus A e is a faithful character of G, E/Z 
is a chief factor of G, where Z = Z(G), and G/L7 acts on (E/Z)# transitively (see 
Claim |4~2.17|) . By Lemma \'6. 3 .21 we conclude that 

A e M = 1 G + C17 

for some 7 E Irr(G) and some integer c\. By Theorem A we have that c\ = 1. By 
Lemma 13.1.21 we observe that 

(4.2.23) Ker( 7 ) = Z. 

Let ipip — 1 G + X)i=i <^i^) f° r some integers d, > and some distinct char- 
acters (5; G Irr(G) for i = 1, rj(ip). Since V G Irr(GmodL7), we have that 
Si G Irr(Gmod-E) for all i. Observe 

XX = A e V'A^ 

= ( A e A^) (i/>V>) 

= (l G + 7 )(l G +^d i( y 

i=l 

= 1 G + 7 + X] «Wt + X dilk 

1=1 4=1 

= 1 G + JYi\OL\ + m 2 «2 

where the last equality is (|4.1.2|l . Since Ker(<5i) > £ and Ker(7) = Z ^ 75 by 
(I4.2.23|) . we have that j ^ Si. It follows that r)(ip) = 1. 

Since Ker(<5i) > 75 and Ker(7) = Z < J5, we have that Ker(7<5i) ^ E. Since 
mi = 1, Ker(cti) > E and Ker(a2) = Z, it follows that = oli, 7 = 012 an d 7<5 is 
a multiple of «2- Thus 7<5 = ai(l)ct2- Therefore 7712 = 1 + oti(l). □ 

Claim 4.2.24. Let e G {2,3,5,7}. Set i? = Ker(^), w/iere ^ G Irr(Gmodi5) is as 
in Claim \JJHn\ Let Z H /H = Z(G/H). Then there exists L < G such that L/Z H 
is a chief factor ofG. Also E < L, ip(l) 2 = \L : Zjj\ and one of the following holds 

(i) ip(l) = 2 and either G/L Z 3 or G/L = S3. 

(ii) ip(l) = 3 and either G/L S Q 8 or G/L S SL(2, 3). 
(Hi) ip(l) = 5 and G/L SL(2, 3). 

(it;,) = 7 and G/L = GL(2,3). 

(v) = 9, F(G/L) is an extra-special group oforder2 5 , |F 2 (G/L)/F(G/L)| = 
5 and (G/L7)/F 2 (G/L) is a subgroup of the cyclic group of order 2. 
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Proof. By Claim WTH\ (ii). we have that ip(l) 2 = 1 + a(l) > 1. Thus V(l) > 1- 
Since ip is a faithful irreducible character of G/iJ and V'(l) > 1> it follows that 
G/H is not abelian. Therefore there exists a normal subgroup L of G such that 
L/Zh is a chief factor of G. 

Observe that ip is a faithful and irreducible character of G/Ker(ip) = G/H. 
By Claim IT. 2. 2 II (ii), it follows that r)(ip) = 1. Thus Theorem A implies Claim 

\rrm □ 



Claim 4.2.25. e ^ 2. 

Proof. Assume that e = 2. Then G/E = 5 3 or G/E 1 S Z 3 by Claim EETTl By 
Claim l4~2. 241 we have that there exists L <G such that E < L and G/L is of the 
form (i), (ii), (iii), (iv) or (v). In this case, G/L = Z2 or G = L since the only 
non-trivial normal subgroup of G/E = S3 or G/i? = Z3 is Z3. And Z2 is not 
among the possibilities given by Claim W.2. 241 So e 7^ 2. □ 



Claim 4.2.26. e ^ 3. 

Proof. Assume that e = 3. By Claim l4~2~T§l we have that G/E = Q 8 or G/E = 
SL(2, 3). By Claim |4~2. 241 we have that E < L, where L is a normal subgroup of G 
such that F(G/L) is isomorphic to either Z 3 or Q 8 . This is impossible if G/E = Q 8 . 
Thus G/E = SL(2, 3), G/L = Z 3 and V(l) = 2. Let M be the normal subgroup of 
G such that E < M and = F(G/E) = Q s . By Claim E22H (ii) we have that 

ai(l) = 3 and a x £ Irr(Gmod£0. Since a x G Irr(Gmod£T), G/E ^ SL(2,3) and 
\G/M\ — 3, we have that ot\ is induced from a linear character of M. In particular 

(4.2.27) ai{g) = for any g e G \ M. 

Since e = 3, by Claim I4T2HI we have that A e (l) = 3. By Claim l4~2~2"Tl (i) we 

have that «2(1) = 8. Since M is a normal subgroup of G, (\G/M\, 02(1)) = 1, and 
a 2 G Irr(G), by exercise 6.7 of [S] we have that (a^M € Irr(M). Thus (as)M G 
Irr(MmodZ), («2)m(1) = 8, i£/Z is elementary abelian of order 9, |M/S| = 8 
and E is a normal subgroup of G. By Clifford Theory we conclude that (0:2) a/ is 
induced from a linear character of Therefore 

(4.2.28) 0:2(5) = for any g E M\ E. 

Since E is normal in G, while {012) m S Irr(M) is induced from a linear character 
of E 1 and 0:2(1) = 8, we have that (a2)_E is the sum of 8 distinct linear characters 
of E. Since 02 G Irr(GmodZ) and \E/Z\ = 9 and (02)^ is the sum of 8 distinct 
linear characters of E, it follows that (02)^ = if — 1e- Therefore 

(4.2.29) o 2 (.g) = -1 for any g G E\Z. 

By Claim (ih) we must have that oio 2 = 3o 2 - By (|4.2.27l) and (|4.2.28|) we 
have that 0102(3) = for any g G G \ E. Thus 



(4.2.30) 



02(5) = for any g G G\E. 
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Therefore 

[a 2 , a 2 ] = w a 2 (5)0-2 (ff) 



t^t XI "2(5)02(5) + X 02(5)02(5) 
1 1 gefi 11 9 £G\-B 



03(5)02(5) by g2S 



1 1 geE 

jTjT X "2(5)02(5) + |4r X "2(5)02(5) 
1 1 sez 11 g£E\z 

-±-\Z\a 2 (l) 2 + -r^r(\E\ - \Z\) because a 2 G Irr(GmodZ) and ET2~9l 
|G| |G| 

g2 /-g _ I) 

1 V j since a 2 (l) = 8 and |S/Z| = 9 



\G/Z\ \G/Z\ 
8x9 _ 1 
~ 24 x 9 ~~ 3' 

Since a 2 € Irr(G), we have that [02,0:2] = 1. But [02,02] = | 7^ 1. Thus this 
case can not arise and e ^ 3. □ 

Claim 4.2.31. // e = 5 tfien ?/>(l) = 2, oi(l) = 3, a 2 (l) = 24, m 2 = 4 and 
G/-E = SL(2,3). T/izs gives case (i) in Proposition \4 ■ 2. TU\ 

Proof. By Claim l4~2~T9l we have that G/E = SL(2, 3). Analyzing the possibilities 
given by Claim 14. 2. 1M we have that -0(1) = 2. Thus by Claim 14. 2/2T1 (ii) we have 
that o<i(l) = 3. Similarly, since A e (l) = 5, it follows by Claim |4~!T2T1 (i) that 
0:2(1) = 24 and by j4.2.22fl that %(1) = ^(l)A e (l) = 10. By Claim IQ^Tl fin) we 
have that m 2 = 1 + ai(l) = 1 + 3 = 4 and we are done. □ 

Claim 4^2.32. If e = 7 then = 2, a x (l) = 3, a 2 (l) = 48, m 2 = 4 and 

G/-E = GL(2, 3). This gives case (ii) in Proposition \4 ■ 2. T3[ 

Proof. As in the proof of the previous claim, we have that ip(l) = 2 and oi(l) = 3. 
Since A e (l) = 7, by Claim 14.2.211 fil we have that a 2 (l) = 48. Since A e (l) = 
A(l) = 7, by Claim IT.2. 211 (ii) we have that a 2 (l) = 48 and by (|4.2.22() that x(l) = 
ip{l)A e (l) = 14. By Claim|02Il(iii) we have that m 2 = l + «i(l) = 1 + 3 = 4. □ 

It remains to analyze the case when e = 9. We will use another approach to that 
case. The reason is that H 2 (E, C) ^ 1 for an extra-special group E of order 2 5 . 
Thus the character A may not extend to G. We start with some statements about 
X, ct\ and a 2 . Then we use that information to prove that e — 9 can not hold. 

Since E < K and K = Ker(oi), the restriction \e is reducible. Since E/Z is a 
fully ramified section of G with respect to 9e, we have that 



(4.2.33) x(l) = em where m > 2. 

Since E/Z is a fully ramified section of G with respect to 6e and Z = Z(G), 
X(g) = for all geE\Z. Thus xx(ff) = = 1 + ai(l) + m 2 a 2 (g) for all g eE\Z. 
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Therefore for all g G E \ Z we have 

(4.2.34) a 2 ( 5 ) = -i±^. 

m 2 

Recall that a 2 £ Irr(G). So a 2 (g) is an algebraic integer for any jeG. Since 
1+ m^ 1 ' > ^ S a rational algebraic integer, it is an integer. Thus we conclude that 

(4.2.35) to 2 divides l + ai(l). 
By <|4.1.2|) we have that 

(4.2.36) MD = ^ - 1 + 

m 2 m 2 

By l|4.2.34|l and l|4.2.36jl we have that 

l + ai(l) 1 

i-E 

m 2 

l+ai(l) 



(a 2 ) E = sl§ 



for some integer s > — ^ ' . So 

2 l + «i(l) m 2 e 2 l + ai(l) 

Se = (22(1) = ■ 

m 2 m 2 m 2 

Hence s = m 2 /m 2 . Therefore 

(4.2.37) ?7i2 divides to 2 . 
Since a 2 £ Irr(G) and Ker(«2) = Z, we have that 

(4.2.38) a 2 (l) 2 < \G : Z\ and a 2 (l) divides \G : Z\. 

Claim 4.2.39. Assume e = 9. Then E < K = Ker(ai). In particular, ot\ is not a 
faithful character of G mod E. 

Proof. Suppose E = K . Observe that Z(F(G)) is a non-trivial cyclic group by 
Claim W.2. 191 (v). Therefore there exists a cyclic chief factor H/E of G with H/E < 
Z(F(G)). Since A e Irr(i?) is G-invariant and H/E is cyclic, A extends to H. We 
are assuming that E — K — Ker(ai). Thus H j£ K, and H Ker(a 2 ). Hence 
Xh £ Irr(i?) by Lemma^O] Since A extends to H, H/Z is cyclic and [xe, A] 7^ 0, 
it follows that xe = A. By Claim KTM we have that A(l) = e. Thus x(l) = e. 
But that is a contradiction with l|4.2.33|) . □ 

Claim 4.2.40. e 7^ 9. 

Proof. Assume that e = 9. By Claim |4~2. 191 (v) we have that 

(4.2.41) |G : Z\ divides 10 x 32 x 81 = 25920. 

By Claim l4.1l71 Claim l4.2M91 and Lcmma llCT we have that ai(l) £ {1, 2, 4, 5, 8, 10}. 
By Claim KTM and Lemma l4~2~T2l we have that ai(l) 7^ 8. Thus 

(4.2.42) axil) e {1,2,4,5,10}. 
This and l|4.2.35|l imply that 

(4.2.43) to 2 £ {1,2,3,5,6,11}. 
Therefore 

(4.2.44) 1 + < 11. 

m 2 
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If to 2 = 1, then by l|4.2.33j> and l|4.2.36j) we have that 

X(l) 2 l + 

"2(1) = 

TO2 m2 

> 4 x 81 - 11 = 313. 
But then a 2 (l) 2 > 313 2 = 97969 > 25920 > \G : Z\. This is impossible by @TI2J- 

So 7712 7^ 1. 

If 777 2 = 2, then by (|4.2.35|l we have that «i(l) = 1 or ai(l) = 5. By (|4.2.37|) we 
have that 2 | m If to > 2 then to > 4 and 

X (i) 2 _ to 2 9 2 r-'x^ _ m 

TO 2 2 ~ 2 

Thus by (|4.2.36l) we have that a 2 (l) > 8 x 81 - 3 and therefore a 2 (l) 2 > \G : Z\. 
So we may assume that to = 2. Since ai(l) 6 {1, 5} and 777,2 = 2, by 14.2.36fl either 
a 2 (l) = 2 x 81 - 1 = 161 or a 2 (l) = 2 x 81 - 3 = 159. But neither 161 nor 159 
divides \G : Z\. Hence 777,2 7^ 2. 

Suppose to 2 E {3,5,6,11}. By l|4.2.37|) we have that to 2 | to 2 . Thus to > 9. 
Therefore 

y(1) 2 9 2 9 2 
Q=L > — = 2187. 
to 2 3 

Thus a 2 (l) > 2187- 11 by (|4.2.44|) and (|4.2.36) . By <4.2.4ll) a 2 (l) 2 = 2176 2 > 
25920 > \G : Z\, a contradiction with l|4.2.38|l . We conclude that to 2 £ {3, 5, 6, 11}. 

We have considered all the possible options given by (|4.2.43|l and we have showed 
that none of them is possible. We conclude that e 7^ 9. □ 

We have analyzed all the options given by Claim l4~2.19l so the proof is complete. 

□ 

We summarize some of the information we obtained in the previous lemmas. 

Theorem B. Assume Hypothesis \4-l-l\ Then 

(i) The order of G is even. 

(ii) dl(G) < 18. 

(iii) Either Ker(ai) = Z or Ker(a2) = Z . If Ker(ai) and Ker(ck2) o,re both 
abelian subgroups, then x(l) is a power of a prime number. Otherwise {toi, 7712} = 
{1,4} and X (l) E{10,14}. 

Proof. The order of G is even by Proposition 14.2.81 Either Ker(ai) = Z or 
Ker(a 2 ) = Z by Lemma ET1 Propositions and KTJ^ imply (ii) and 

(iii). □ 

4.3. Examples. In this subsection, we study examples of groups satisfying Hy- 
pothesis ^^T] 

Lemma 4.3.1. Let G be a finite group and E be a nonabelian subgroup. Assume 
E/Z(G) is an abelian chief factor of G and G/E acts on (E/Z(G))& with 2 orbits. 
Let x E Irr(G) be a faithful character. Assume also that \e E Itt(E). Then 

XX = 1(3 + cti + a 2 

where a\ and a 2 are distinct irreducible characters of G and Ker(ai) = Kcr(a2) = 
Z(G). 
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Proof. Set Z = Z(G). Let A € Irr(Z) be such that [X,xz] ¥= 0. Since X£ € Irr(£) 
is a faithful character of £7 and -E is not abelian, we have that x(l) > 1- Thus \z 
is a reducible character. Since \B £ Irr(i?), is an abelian chief factor, \z is 
a reducible character and Z = Z(G), we have that E/Z is a fully ramified section 
with respect to xe and A, and that x(l) 2 = \E : Z\. Thus 

(4-3.2) (xx)e = if. 

Since G acts on (E/Z(G))* with 2 orbits, G acts on Jxr(E mod Z) # with 2 orbits. 

By Clifford Theory we have that for any character a £ Irr(G), the irreducible 
constituents of o>e form a G-orbit. Let a.\ £ Irr(G)# be a character such that 
[ a iiXX] = TO i 7^ 0- By Lemma [3.1.21 we have that Ker(ai) > Z. Thus the irre- 
ducible constituents of (oii)e lie in lri(E mod Z)#. Since G acts on Itt(E mod Z)^ 
with 2 orbits and the irreducible constituents of {q.\)e form a G-orbit, there exists 
5 £ Irr(_Bmod Z) such that [S, (ai)_g] = 0. Then there exists a character ct2 £ Irr(G) 
such that [(a2),E,<5] ^ and [0:2, XX~] = m 2 7^ 0. Thus the irreducible constituents 
of {cii)E and (012) e form two distinct G-orbits of lrr(E mod Since G acts on 
Irr(i5 mod Zy? with 2 orbits we conclude that those are the only distinct G-orbits 
of Irr(£modZ) # . 

Since E/Z is an abelian chief factor of G, by (|4.3.2|l we have that the irreducible 
constituents of XX appear with multiplicity 1. Since the irreducible constituents of 
(q.i)e and (a2)_E form two distinct G-orbits of Irr(_Emod Z)& and the irreducible 
constituents of \X appear with multiplicity 1, we have that ct\ and ai are all the 
non-principal irreducible constituents of XX and they appear with multiplicity 1. 
Thus 

XX = 1 + oti + «2- 

□ 

Proposition 4.3.3. There exist a group G and a character x £ Irr(G) such that 
Hypothesis \4-l.l\ holds and 

Ker(ai) = Ker(«2)- 

Thus there exist a group G and a character x £ Irr(G) satisfying the hypotheses of 
Proposition \4-2.5\ 

Proof. Let E be an extraspecial group of order 27 and exponent 3. The 2-Sylow sub- 
group of SL(2, 3) is isomorphic to the group Qs by Lemma l2\l.3l Thus SL(2, 3) con- 
tains a cyclic group of order 4. Let H be a cyclic group of order 4. By Lemma 12. 1.31 
(i) and Lemma f3. 3. II we may assume that H is a subgroup of Aut (E mod Z (E)). 
We can check that H acts on (E/Z)# with 2 orbits of the same size. 

Set G = E n H. Observe that E/Z(E) is an abelian chief factor of G. Also 
observe that G/E acts faithfully on E/Z(E), and with 2 orbits on (E/Z(E))#. 
Let A £ lir(E) be a character of degree 3. Observe that A is G-invariant. Since 
\E\) — 1 and A is G-invariant, we have that A extends to G. Let x £ Irr(J5) 
be an extension of A. Observe that the hypotheses of Lemma T4 . 3 . II hold for G and 
X- Thus the result follows from Lemma r4.3.1l □ 

Proposition 4.3.4. Let p be a prime number and m > an integer. Then there 
exist a solvable group G and a character x £ Irr(G) such that x(l) = p m and the 
hypotheses of Proposition \J. 2. 9\ hold. Also, there exist a supersolvable group G and 
a character x £ Irr(G) such that x(l) — P an d ^ e hypotheses of Proposition ^. 2. iJ\ 
hold. 
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Proof. Let GF(g) be a finite field with q elements, where q = p m . Denote by F* the 
group of units of GF(g). Also denote by F the additive group of GF(q). Observe 
that F* acts on F by multiplication. 

Define M to be the semi-direct product F x F* of F by F* . Thus, for any 
fi,g! G F and / 2 ,# 2 G F* , we have 

(31 x .92X/1 x /a) = (5i + .92/1) x 52/2- 

Observe that if m = 1 the group M is a cyclic by cyclic group and thus is super- 
solvable. 

Set X = GF(qr). For any f x x h G M and x G X, define 

(/ix/ 2 )(.t)=/ 1+ / 2 x. 

We can check that this defines an action of M on the set X. We can also check 
that G X is fixed by F*. 

Let G be a cyclic group of order p. Set 

if = C x = the set of all functions from X to G. 

Observe that if is just an elementary abelian group of order pl-^L We can check 
that 

(fm)(x) = f(mx), 

for any m G M and x G X, defines an action of M on if. 

Let G be the wreath product of G and M relative to X, i.e. G = K xi M. 
Observe that if m = 1, then the group G is a supersolvable group. 

Let A G Irr(C)* be a character. Choose 9q G Irr(i^) so that we have, for all 
k G K, 

6 (k) = A(fc(0)), where = f 6l 

Since = F G X is fixed by F*, the stabilizer of 6 in G is G eo = K yi F*. We 
can check that 6* extends to Gg . Let #o e G Irr(Ge ) be an extension of 6q. Set 
(9q) g = X- By Clifford theory we have that \ G Irr(G). Observe that x(l) = 9 
since Gg g — F*K and 6*o extends to Gq q . Since 6*o e G Irr(Ge ) is an extension of 9q 
and (6q) g = Xi we have that [xk, 9q] — 1- We can check that 

where 9 x (k) — \{k(x)) for all k G K. Therefore 

(xx)k= E 

x,y£X 

Since G 0O = X xi F* , G = (K x F*){K x F) and (K x F*) n (if x F) = X, we have 
that x^xf = (^o)^^^ G Irr(if x F). Thus xx(d) = for all g G (if xi F) \ K. We 
can check that for any 7 G Irr((if x F) mod if), 

(4-3.5) [7, (Xx) k »f] + 0. 

We can check that a\ — ~f G G Irr(G). Since G : if x F\ = |F*| = g — 1, we have 
that Q!i(l) = q — 1 . Observe that (|4.3.5|l implies 

(4.3.6) [ai,xx]^0. 
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Define S = o 0i. Observe that X (1) = 1 for all x G X. Therefore 5 G Itt(K). Since 
and 1 are not fixed simultaneously by any non-trivial element of M , we have that 
G s = K. Thus S G = a 2 £ Irr(G). Observe that 

(4.3.7) [«2,XX]^0 

since [5, (xx)-R"] 7^ 0. Observe that a 2 (l) = q(q — 1) = \G:K\. 

Observe that = q, ai(l) = g-1, a 2 (l) = g(o-l), 14.3.6(1 and 1(4. 3. 7|) imply 

XX = 1g + "i + "2- 

□ 

Proposition 4.3.8. There exist a solvable group G and a faithful character \ G 
Irr(G) swc/i i/ia£ x(l) = 10 and 

XX = 1(3 + «l + 4a 2 , 

where 0:1,0:2 € Irr(G), ai(l) = 3 and 0:2(1) = 24. TTras £ftere exist a group G and 
a character \ G Irr(G) satisfying the conditions in case (i) of Proposition ^. 2. 1S\ 

Proof. Let E be an extra-special group of order 5 3 and exponent 5. Then E/Z(E) 
is an elementary abelian group of order 25. By Lemma 12.1.31 (iv) there exists a 
subgroup H of SL(2, 5) isomorphic to SL(2, 3). Assume H acts on the vector space 
E/Z(E) in the natural way. We can check that in fact H acts on (E/Z(E))# 
regularly and transitively. By Lemma [2.1.31 (i), we have that Sp(2,5) = SL(2,5). 
By Lemma 13.3.11 there exists a exact sequence 

-» hm(E) -» Aut(£modZ(£;)) -> Sp(2,5) -» 0. 

Since Sp(2, 5) = SL(2, 5), we may assume that H acts on E. Define G = E x H to 
be the semi-direct product of E by H. Then Z(G) = Z(E). 

Let A G Irr(.E) be a non-linear character. Observe that A is G-invariant. Since 
H acts on E with coprime action, A extends to G, i.e, there exists <j> G Irr(G) such 
that <pE = A. Let 7 G Irr(Gmod-E) be a character of degree 2. Set \ — 4>1- Then 
X G Irr(G) and x(l) = 10. 

Observe that x(e) = for any e E E \ Z(E). 

Let J G (Lin(_E mod Z))#. Since if acts on (E /Z(E))# regularly and transitively, 
8 induces irreducibly. Let 0:2 = <5 G G Irr(G). Observe that 0:2(1) = 24. Also 
a 2 (g) = if g G G\E. Thus 

[xx,a 2 ] = 1^77 ^)(xx)(ff) 02(5) 
11 sec 

= ig|[X! (xx)(s) "2(5) + 51 (xx)(s) 012(g) + XI (xxXsO "2(5)] 

1 1 g£G\E g£E\Z(G) geZ(G) 

= |4 £ (XX)(5) a 2 ( ff ) = 4. 

We can check that 77 = 1 + Oi, where a% (1) = 3 and cci G Irr(Gmod£'). Thus 

[xx,«i] = [x,X«i] 

= [07, 07ai] 
= [077, 0"i] = 1 
where the last inequality is since [77,0:1] = 1. 
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Thus XX = l G +ai+4a 2 , since (xxH 1 ) = 10 2 = 1+3+96 = l+ai(l)+a 2 (l). □ 

Proposition 4.3.9. There exist a solvable group G and a faithful character x G 
Irr(G) such that 

XX = 1g + Oil + 4a 2 

where ai,a: 2 € Irr(G), x(l) = 14, ai(l) = 3 and 0:2(1) = 48. Thus there exist 
a group G and a character x G Irr(G) satisfying the conditions in case (ii) of 
Proposition \4-2.iy\ 

Proof. Let E be an extra-special group of order 7 3 and exponent 7. Observe that 
E/Z(E) is an elementary abelian 7-group. By Lcmma l2.1.6l we may regard GL(2, 3) 
as a subgroup of SL(2, 7). By Lemma \'2 . 1 . 31 and Lemma 13.3.11 we may assume that 
GL(2,3) acts on E. Define G to be the semi-direct product E x GL(2,3) of E by 
GL(2,3). We can check as before that there exists a faithful character x G Irr(G) 
satisfying the conditions of the proposition. □ 

4.4. Dihedral and nilpotent groups. Using the character table of the dihedral 
group of order 2 m with m > 3, we can check that dihedral groups have characters 
X that satisfy Hypothesis 14. l.l| Observe that therefore the index |G : Z(G)| is not 
going to be bounded as it was in the case where XX = 1g + ma. We are going to 
see now that this is, in some sense, the general case whenever we are working with 
nilpotent groups. 

Theorem 4.4.1. Assume Hypothesis \4 ■ 1 ■ i\ Assume also that G is nilpotent. Then 

TOi=m 2 = l, x(l) = 2 
and G/Z(G) is isomorphic to a dihedral 2-group. 

Proof. By Lemma l4.2.4l either Ker(ai) = Z or Ker(a 2 ) = Z. Since the chief factors 
of a nilpotent group are cyclic of prime order, we have by Propositions 14 . 2 . 51 14 . 2 . 1 3l 
and 14.2.51 that either Ker(ai) ^ Z and Ker(ai) is abelian, or Ker(a 2 ) ^ Z and 
Ker(a 2 ) is abelian. Without lost of generality we may assume that Ker(a 1 ) ^ Z is 
an abelian group and Ker(a 2 ) = Z. 

We use now the notation of Lemma [4.2.91 Then |G : Gg\ — \L : K\ is a prime 
number. Since G is nilpotent, Gg is a normal subgroup of G. Observe that K < Gg. 
If Gg 7^ K, then XG e € Irr(Ge) by Lemma 14. 2.11 But this can not be since x — x'g 
and Gg < G. Thus Gg = K and so G = L. 

Since K = Ker(ai) is abelian and |G : K\ = p is a prime number, oi(l) = 1 
and either a 2 (l) = 1 or a 2 (l) = p. Assume that a 2 (l) = 1. Since Ker(a 2 ) = Z, 
the group G/Z is cyclic. Since Z = Z(G) and G/Z is cyclic, it follows that G is an 
abelian group. Thus x(l) = 1- But then x can n °t satisfy (|4. 1.2(1 . So o 2 (l) ^ 1. 
We conclude that a 2 (l) = p. 

Since x & n d Q: 2 are induced from characters of K, we have x(ff) = a 2{g) — for 
all g G G\K. Thus 01(3) = -l/ai = -1 for all g e G\K. Since G/K is a cyclic 
group of order p, cti(g) = —1 for all g G G \ K and oji(1) = 1, we must have that 
p = 2. Since x(l) = Pi o 2 (l) = p and x(l) 2 = 1 + oi(l) + m 2 a 2 (l), we conclude 
that m 2 = 1. 

We want to see now that G/Z is isomorphic to a dihedral 2-group. Let xk = 
61 + 82 and (o< 2 )k = 71 + 7 2 , where #1,6^,71,72 G ln(K), 81 ^ 82 and 71 ^ 72. 
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This holds because x an( i a 2 are induced from characters of the abelian normal 
subgroup K and \G : K \ = 2. Then by (|4.1.2|l we have that 

XKXF = {di + 92)(0i + 62) 
= 2 Ik + 67 #2 + 6*16*2 
= 21 K + (a 2 )K 
= 21^ + 71+72. 

Choose 71 = 9i 6*2 and 72 = 6*1 6* 2 . Observe that 6*16*2 = 6*16*2. Thus 71 = 77. If 71 is 
a real character, then 71 = 71 = 72- But 71 7^ 72- Therefore 71 and 72 are not real 
characters. 

Since 71 is a linear character, it follows that (7i) _1 = tT = 72- In particular 
Ker(7i) = Ker(72). Therefore Z = Ker(«2) = Ker(7i) n Ker(72) = Ker(7i). Since 
71(1) = 1 , the group K/Z is cyclic. Let x be a generator of K/Z. Let y be 

a coset representative of G \ K. Since {0)k = 71 + 72, 71 7^ 72 and y is a coset 

2 

representative of G\K, by Clifford theory it follows that (71)* = 72- Since 7^ = 71 , 
7i =72 = (7i) _1 and 71 6 Irr(_ftTmodZ) is a faithful character, we have that 

(4.4.2) yxy- 1 =x- 1 . 

Thus G/Z is either isomorphic to the dihedral group or to the generalized quater- 
nion group. If G/Z is isomorphic to the generalized quaternion group, then G is 
a non-split central extension of a cyclic group by a generalized quaternion group. 
But that can not be since £f 2 (Q2™, C) = 1 for any n > 3 (see example in page 301 
of 2 ). Thus G/Z is isomorphic to the dihedral 2-group and the proof is complete. 

□ 
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